For long, highly productive wells, frictional pressure loss cannot be ignored. The axial flow along the well trajectory in the near-well region must therefore also be considered. A new, fully analytical model for coupled radial well inflow and axial reservoir flow has been developed. The new model will be briefly reviewed and solutions to steady state flow summarized.
Introduction
Horizontal well simulation methods are in great demand as drilling technology has outpaced simulation techniques used to predict inflow performance. The horizontal well model should be able to not only determine the pressure loss inside the well but also calculate the flow performance into the well and in the near-well reservoir. In general, pressure and flow rates in the horizontal well and near-well reservoir are coupled with the reservoir and solved simultaneously. The efficiency and accuracy of the well model are therefore significant to the simulation process.
The wellbore length and direction are the major differences between horizontal and vertical wells. The representation of well segments for a horizontal well is far more complicated than for a vertical well. The horizontal well model needs to account for pressure loss due to acceleration and friction, demonstrated by Dikken (1990) . Also, the horizontal well model should couple easily with reservoir model. A modular modeling method coupling the reservoir and the well was proposed by Brekke et al. (1993) . The application of multisegment well model was illustrated by Holmes et al. (1998) where their approach divided the wellbore into segments and considered well flow performance and pressure loss in advanced completions. Johansen and Khoriakov (2007) presented a comprehensive network model for multi phase flow in advanced wells. These models are used in industry software as they are highly efficienct and accurate.
However, most currently used analytical models, for example given by Babu and Odeh (1989) , Ouyang et al. (1998) , and presented in Economides et al. (1994) , have all failed to incorporate the axial flow along the well trajectory. They apply analytical radial inflow equations from the near-well reservoir to the well and calculate axial flow numerically in the near-well reservoir using Darcy's law. The newly developed coupled axial-radial flow model for horizontal wells (Johansen et al., 2015) provides the analytical solution to the coupled flow situation. Our work applies this coupled axial-radial flow model in numerical methods.
In this paper, the two dimensional analytical solution for coupled axial-radial flow in a homogeneous reservoir well segment is reviewed. This analytical pressure distribution is linear in the axial direction and logarithmic in the radial direction. The analytical solution is implemented in a numerical scheme for the entire well trajectory and the near-well region, where the trajectory is broken up into finite well segments with homogeneous reservoir properties. Therefore, the pressure distribution is piecewise linear/logarithmic as opposed to piecewise constant distribution as in a standard finite difference method. The finite difference approach is implemented for comparison. It is proved in the paper that the new approach is superior to the standard approach in the sense that the new method achieves higher order accuracy than the standard finite difference method. As a consequence, the new method is more computationally efficient, due to the application of the analytical solution to the coupled flow model. Furthermore, the numerical results demonstrate that axial flow in the near-well reservoir cannot be ignored in highly permeable reservoirs with high productivity wells. In fact, neglecting the axial flow would result in a significant overestimation of the horizontal well productivity. The coupled axial-radial flow model for a horizontal well and the near-well reservoir is presented in previous research (Johansen et al., 2015) and summarized briefly below. A given well trajectory is approximated by a curve composed of piecewise linear segments. Consider one such segment as shown in Figure 1 ; the well is surrounded by a cylindrical reservoir domain, which for a given segment is assumed to be homogeneous and isotropic with permeability . We assume the model is two dimensional with no flow in the angular direction, only in the -and -directions. The steady state flow of a single incompressible fluid is solved in Appendix A.
The results of axial and radial flow rates are 
The pressure differences are introduced as ∆ = ( , 0) − ( , ), ∆ 0 = ( , 0) − ( , 0) and ∆ = ( , ) − ( , ). The analytical solution of the pressure surface in each segment, solved in Appendix A and pressure differences used above, are shown in the pressure profile in Figure 2 . Therefore, the analytical solution to the coupled flow model determines both the radial inflow and the axial reservoir flow along the well trajectory. 
Numerical Model
The analytical model was implemented in a numerical solution for the entire horizontal well and near-well region. For each segment in the near-well region and in the horizontal well, conservation equations of momentum and mass are applied. The numerical model used in this paper is built on the simulation grid shown in Figure 3 , which depicts the cross section of a cylindrical reservoir with only two reservoir tori; each reservoir segment actually represents a cylindrical torus of the reservoir. Each segment in the reservoir is assumed to be homogeneous and isotropic, consisting of four pressure nodes located at the segment corners. This is in contrast to a standard finite difference grid where pressure nodes are located in the center of homogeneous segments. Based on the solution of the analytical model, the pressure distribution is then piecewise linear and logarithmic in the axial and radial directions, respectively. This is contrary to the piecewise constant case for a standard finite difference method. The results from both the new method and the standard finite difference method are compared in the next section.
The horizontal well is assumed to be open hole from toe to heel with a cylindrical reservoir around it. Both ends of the near-well reservoir are treated as no flow boundaries. The pressure in the leftmost well segment and the external reservoir pressures are imposed as boundary conditions. Each well segment consists of two pressure nodes and the reservoir pressure and the wellbore pressure at the surface are identical.
Let
and are the number of segments in radial and axial directions, respectively. Consider a segment unit, consisting of a well segment and a reservoir segment + , as shown in Figure 3 . Only two tori are depicked in Figure 3 , i.e. = 2. The material balance for single phase flow can be expressed as:
where represents all the flows connected to segment , i.e. axial inflow , −1 , outflow , , radial inflow
and outflow , . For the near reservoir segment + , the axial outflow is determined by the four corner pressures of this segment, whereas axial inflow is determined by the four corner pressures of the upstream segment. For well segment , the flow, out of this segment is denoted by , .
The momentum balance equation for flow between wellbore segments is given by
where is the Darcy friction factor. Note that acceleration pressure loss is not included in the pressure gradient, since it is small compared to the friction pressure loss (Novy, 1995 (5) where is the absolute roughness of the pipe wall. In the case considering frictional pressure loss caused by turbulant flow in a smooth pipe only, 47 .
Note that then is the frictional flow transmissibility given by 
The complete numerical model is given by Eqs. (1), (3) and (6) with the associated parameters described above. The unknowns consist of 4 flow rates and 2 + 2 pressures. The system of equations comprises of 4 momentum balances, 2 material balances and 2 boundary conditions. Therefore, the problem is closed by an equal number of equations and number of unknowns. Since some of the equations are non-linear, an iterative method must be used. The Newton-Raphson method was chosen.
Calculated Examples
In this section, several calculated examples are described. A standard finite difference method is also used to compare the results from the new method introduced in this paper. First, the true solution is approximated by refining the segments. Then, pressure profiles and flow rates are calculated using both methods and compared. Finally, the accuracy and efficiency of the new method is analyzed.
True Solution Approximation
We first try to approximate the true solution using numerical methods. Basic parameters used are shown in Table  1 . Generally, for a given numerical method, the higher number of segments used, the more accurate numerical results will be. Therefore, a process of refinement, in both the axial and radial directions, was used to approach the true solution. The standard finite difference method includes the axial flow in reservoir numerically using Darcy's Law, flow in the well with friction and radial flow given by steady state inflow equation. Under a constant bottom-hole pressure condition, the toe pressure and the total flow rate at the heel, are chosen for measurements of accuracy. First, the number of segments in the axial direction was increased from 20 to 5000 while using two rings (wellbore and near-well reservoir rings) in the radial direction. In this process, the total well length is constant and
In the second refinement process, the number of well and near-well reservoir rings ( ) increases from 20 to 200, fixing = 100. The wellbore radius and reservoir external radius are constant while the number of the rings used satisfies   
where, = 1,2, … . Figure 4 shows that as increases, the total flow rate at the heel increases, while the toe pressure decreases. However, both parameters are almost invariant when > 3000, i.e. both curves become essentially flat. Therefore, we assume that the result with = 5000 is the true solution for the case. The same response is observed in Figure 5 when > 150, hence the results using = 200 are assumed as the true solution with fixed axial segment number. The two refinement processes will be used in different scenario of calculations. 
Pressure and Flow Rate Distribution
The pressure distributions were calculated by the new method and compared with the result from the standard finite difference method, as shown in Figure 6 and Figure 7 . The pressure profiles from both methods are consistent. However, the pressure resulting from the new method consists of a continuous series of linear pieces while that from the standard method is a series of constant points. The linear pressure distribution in each segment shows a superiority in approaching the solution pressure compared with the piecewise constant steps from the standard method. Furthermore, the method is more accurate in the region near the heel (specifically within 200 meters from the heel in Figure 6 and 7) than the standard method. It is significant to have a higher accuracy in the vicinity of the heel because it is where a major pressure drop occurs. The deviation of pressure determined by standard method near the heel means significant inaccuracy in high permeability reservoirs.
The radial wellbore inflow and axial reservoir flow rates determined from the standard finite difference and the new method are plotted and compared with the true solution. The radial inflow rates in Figure 8 show a similar trend with pressure plots that the new method is closer to the solution than the standard finite difference method near the heel and are almost overlapped with the standard method around the toe. This indicates that the new method in general is more accurate using same number of segments, especially in the vicinity of the heel. The axial flow rates, shown in Figure 9 , first start from zero at the toe due to the no flow boundary and increases and then drop to zero at the heel because of another no flow boundary. It demonstrates that the new method achieves higher accuracy than the standard method in axial flow rate calculation.
In most analytical productivity models, the axial flow rate is ignored in the near-well reservoir. In order to examine whether the axial flow can be ignored, we use standard methods to solve the pressure for two cases, including axial flow (case A) and excluding axial flow (case B) in the near-well region.
Note that the refinement of grid bocks in radial direction will improve the result of case A but has no effects on case B since flow rates and pressures in case B are linear superposition in the radial direction. This can be explained by
where , and ,1 are the external pressure and the well bore pressure at column , respectively. Then, we calculated the pressure and flow rates in the wellbore for both case A and case B, where case A applies refined segments in radial direction ( = 50) and case B does not. The results are given in Figure 10 and Figure 11 . They show a significant overestimatation, more than 30%, in both well bore pressure and well productivity, if axial flow is ignored in the near-region. When axial flow is ignored, the pressure gradient supporting axial flow is ignored, which results in a larger radial pressure drop. Hence, the radial wellbore inflow is larger, so is the well productivity; and the frictional pressure loss in the wellbore is also larger due to higher flow rates in the wellbore.
The results indicate that axial flow cannot be ignored in general.
Accuracy and Efficiency
To study accuracy of both methods, the relative errors are calculated and plotted in Figure 12 and Figure 13 . Here, we define the relative error as
where ∆ = − ; is the true solution of pressure and ∆ = − ℎ .
The results verify the higher accuracy of the new method when compared to the standard method for pressure near the heel. The accuracy for pressure increases from the toe to the heel for the new method while the standard method decreases. Though higher accuracy could be achieved by refining the number of segments for the standard method, it is obvious that the new method needs less number of segments than the standard method to achieve the same accuracy. The efficiency of the new method is guaranteed given the proof that the new method is a higher order method than the standard finite difference method, shown in Appendix B.
Conclusions
A novel analytical model has been implemented in a numerical solution for the entire well trajectory and nearwell region. The pressure distribution is piecewise linear/logarithmic as opposed to a piecewise constant distribution as in a standard finite difference method and therefore the new method has a higher order accuracy. It is demonstrated that the new semi-analytical approach is superior to the standard approach in the sense that the standard approach requires more well segments to achieve the same accuracy as the high-order method. The new method is particularlymore accurate than the finite difference method near the heel where accuracy is most important. We also conclude that the axial flow along the well trajectory in the near-well reservoir cannot be ignored. Note also that ( , ) = ( , ) is the true solution of the pressure; it would not satisfy the discrete equations in general and the discrepancy is the local truncation error, noted by , . Substituting the true solution in Eq. (B3) we get 
Nomenclature
Therefore, the standard finite difference method is second order accurate in axial direction and first order accurate in radial direction for well grid blocks, while it is second order accurate in both axial and radial direction for reservoir grid blocks.
For the new method using analytical solutions, the momentum balance equations in reservoir block ( , ) and well segment ( , − 1) are expressed as 
